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ý��µÆû Âð¢¤ø�Â� À÷�� ý��ú� Û��Öµõ ü¹�¨¤�±µä� ø ý��� ¢¤ø�Â�°þ¤�-ñ�Ï ¤¢ ý�ûù¢�¢ ý�Â� üó�Ú� â���2ý¤�úÞ� �¤�¨ ,1¤�Øê À��ø ,1À÷ø¤��µ¿� üÞ¹ä ¢�ãÆõÀúÈõ ü¨ø¢Âê ù�ÚÈ÷�¢ ,¤�õ� ùøÂð1À��Â�� ù�ÚÈ÷�¢ ,¤�õ� ùøÂð21390*5*16 :ýÂÚ÷¥�� ßþÂ¡� ¾þ¤�� 1390*2*10 :´ê�þ¤¢ ¾þ¤��,À÷�ª ��¿µ÷� ù¥�À÷� �� °¨��µõ üó�Þµ�� �� �ûù¢�¢ ,ýÂ�ð�÷�Þ÷ ¤¢ �»÷��� : ùÀ�Ø�¥� ù¢�Ôµ¨� �� üó�Ú� â��� ýÂµõ�¤���÷ ¢¤ø�Â� .À�õ�÷ °þ¤�-ñ�Ï ¤¢ �¤ Û¬�� ý�ûù¢�¢ý�ûÂð¢¤ø�Â � ¥� üØ þ .´¨� ���� Â þ�¨ ¥� Â �ÛØÈõ ,°þ¤�-ñ�Ï ¤¢ ý�ûù¢�¢�Àµ �� � ó�Öõ ßþ� ¤¢ .´¨� ùÀª üêÂãõ (1991) �÷�� Í¨�� ���õ¥ ßþ� ¤¢ éøÂãõý¤�ð¥�¨ Å³¨ .¢�ªüõ ¢¤ø�Â� ý��� ´ê��û¤ �� Âð¢¤ø�Â� ßþ� À÷�� ý��ú� Âµõ�¤���úµ÷� ¤¢ .¢�ªüõ ��±�� ý��� ©ø¤ �� ùÀª ¢¤ø�Â� À÷�� ý��ú� ö¢Â� ¤�î �� �� ö� ý�ì¢¤ø�Â� ¤¢ Û��Öµõ ü¹�¨¤�±µä� ø ý��� ©ø¤ ¢ÂØÜÞä �Æþ�Öõ �� ý¥�¨ ��±ª �ãó�Îõ��.¢�ªüõ �µ¡�¢Â� À÷�� ý��ú�,° þ¤�-ñ� Ï ¤¢ ý� ûù¢�¢ ,À ÷� � ý� � ú � ,ü ó� Ú � ý�� µ Æ û Â ð¢¤ø�Â � : ýÀ � Ü î ý� ûù��ø.öø¤�ø ü¨ø�ð �µÆû ,�ø¢ ý�ûö��� ßþÂµÞî Û��Öµõ ü¹�¨¤�±µä�0 . ajami.masoud�yahoo.om ,À÷ø¤��µ¿� üÞ¹ä ¢�ãÆõ :�ó�Öõ ñ�ÿÆõ ×�÷øÂµØó� §¤¢�0 . 62G07 :(2000) ü®�þ¤ ýÀ��á�®�õ Àî



üó�Ú� â��� ý��µÆû Âð¢¤ø�Â� À÷�� ý��ú� Û��Öµõ ü¹�¨ ¤�±µä� ø ý��� ¢¤ø�Â� : : : : : : : : : 42�õÀÖõ 1�î Àª �ÂÎõ üõ���÷� ¤¢ (1925) ÛÆØþø Í¨�� ¤�� ß�óø� ,1°þ¤�-ñ�Ï ¤¢ ùÀþÀ���Ø¨øÂØ�õ ¤¢ �ûñ�±Üð öÀþ¢ ��Ú�û ¤¢ ø� .¢�ú ÷ üó�±Üð � ó�bÆõ �¤ ö� �� ÷ ýøÀ� ¥� ,�ûö� üð¤�� ù¥�À÷� �î À�µÆû ùÀû�Èõ Û��ì üþ�ûñ�±Üð ÍÖê �î Àª ���µõ�ûÀã� .À�µÆ�÷ ��Ø¨øÂØ�õ ¤¢ öÀþ¢ Û��ì ÂµØ��î ý�ûñ�±Üð ø Àª�� ÂµÈ�� ü��ãõ��úÔõ �� (1969) Åî�î ø (1967) ñ�µ�õ�Ü� , (1962) ö¢�ê ×õ Í¨�� á�®�õ ßþ�ñ�Ê½õ á�÷ ×þ ýÂ�ð �÷�Þ÷ ¤¢ (1969) Åî�î . ´êÂð ¤�Âì ü¨¤Â� ¢¤�õ ý¤�õ��÷�Þ÷ ¢¤�ø ýÂµÈ�� ñ�Þµ�� � � ,Â�À�Ü � ñ�Ï �� ý�ûé�� ó� �î Àª ���µõ ,üµã�¬\ü±þ¤� -ñ�Ï ¤¢" �� �î ¢Âî Û�Þ½� ¸þ�µ÷ �� �¤ ü±þ¤� üä�÷ á�®�õ ßþ� .À÷�ªüõñ�Ï ,ù¥�À÷� �î �ãõ�� ¥� ýÂ¬��ä ,ýÂ�ð�÷�Þ÷ ¤¢ Âð� ,üÜî ´ó�� ¤¢ .Àª éøÂãõ�� ¢ø¤ø Å÷�ª �þ À÷�ª �÷�Þ÷ ¢¤�ø ,À÷¤�¢ �ãõ�� �Ìä� ��Ö� �� ´±Æ÷ ýÂµÈ�� ÂÞä �þù¥�À÷� �� °¨��µõ üó�Þµ�� �� �ãõ�� Â¬��ä ÂÚþ¢ �¤�±ä �� �þ Àª�� ÂµÈ�� �ûö� �÷�Þ÷.¢�ªüõ ü±þ¤� -ñ�Ï ¤¢ ��÷ �� ü±þ¤� üä�÷ ¤��¢ �÷�Þ÷ ,À÷�ª �÷�Þ÷ ¢¤�ø ö�ªñ�Ïf üó�Ú� â��� �� �µ¨��� �fÖÜÎõ üãÞ¹� âþ¥�� â��� ×þ F À��î Âê : 1 ÓþÂã��¤�¬ �� ö� âþ¥�� â��� ù�ðÂû À�þ�ð °þ¤�-ñ�Ï ¤¢ �¤ Y üê¢�Ê� Â�çµõ .Àª��G(y) = Z y0 t�dF (t); y � 0; (1).� = R10 tf(t)dt <1 ö� ¤¢ �î ,Àª��´¨� Âþ¥ �¤�¬ �� Y üê¢�Ê� Â�çµõ üó�Ú� (1) �Î��¤ �� ���� ��g(y) = yf(y)� ; y � 0: (2)Y üê¢�Ê� Â�çµõ ¤�ÀÖõ Âû ùÀû�Èõ ñ�Þµ�� �î ´¨� ö� ÂÚ÷��� (2) �Î��¤ âì�ø ¤¢üó�Ú� �¤ g ø °þ¤��÷ üó�Ú� �¤ f üó�Ú� â��� �f �Þãõ .´¨� ö� ñ�Ï �� °¨��µõ¢�Â ê� ,°þ¤� -ñ�Ï ¤¢ ý�ûù¢�¢ � � f üó�Ú� â �� � ¢¤ø�Â � � ó�bÆõ ¤¢ .À � þ�ð °þ¤�,(1989) ö�¤�ØÞû ø �þ¤������ �� ö���üõ �ÜÞ� ö� ¥� �î À÷� ù¢�Þ÷ Õ�Ö½� ý¢�þ¥1 Length-biased



43 : : : : : : : : : : : : : : : : : : : : : : : : : : : : ý¤�úÞ� �¤�¨ ,¤�Øê À��ø ,À÷ø¤��µ¿� üÞ¹ä ¢�ãÆõü��� ß��»Þû ø (2004) ºþ ø�õøÂê� ,(1998) ö�¤�ØÞû ø ö�õ��ð ,(1991) �÷����Ö�Ö½� Â� ü��¡ ¤øÂõ (2001) ��Øó� ø ñ���µÆþÂî .¢Âî ù¤�ª� (2010) ö�¤�ØÞû øYn; : : : ; Y1 À��î Âê .À÷�ù¢�¢ ��¹÷� °þ¤�-ñ�Ï ¤¢ ý�ûù¢�¢ ���õ¥ ¤¢ ùÀª ��¹÷�Âð¢¤ø�Â � ×þ ,(4) �Î ��¤ � � ���� � � ù�Ú ÷� .Àª� � G âþ¥�� ¥� üê¢�Ê� ý�� ÷�Þ ÷�¤�¬ �� ,f(x) ý�Â� üã�±Ïefn(x) = b�nbgn(x)x ; x > 0; (3)ö� ¤¢ �î ,´¨�bgn(x) = 1nh nXj=1K �x� Yjh � (4).Àª üêÂãõ (1956) ��� ö¥ø¤ Í¨�� �î ´¨� g üó�Ú� â��� 2ý��µÆû Âð¢¤ø�Â�Íþ�Âª ¤¢ �î À�õ�÷üõ �µÆû â��� �¤ K(�) üÔ�õ�÷ â��� (4) ¤¢i) Z 1�1K(x)dx = 1;ii) Z 1�1 xK(x)dx = 0;iii) �2 = Z 1�1 x2K(x)dx 6= 0b�n ß��»Þû .¢�ªüõ ùÀ�õ�÷ 3À÷�� ý��ú� �î ´¨� ´±·õ ý¤�ÀÖõ h ø À�îüõ ëÀ¬�Ø�þ� �� ���� �� .´¨� � Âµõ�¤�� °¨��õ Âð¢¤ø�Â� ×þE(1Y ) = Z 10 1y g(y)dy = 1� ;�¤�¬ �� ý¤ø�µÈð ©ø¤ �� �¤ � ö���üõb�n = nPni=1 Y �1i«��¡ ø üêÂãõ (1988) ö�¤�ØÞû ø �þ¤������ Í¨�� efn(x) Âð¢¤ø�Â� .Ý��î ¢¤ø�Â�.´êÂð ¤�Âì ü¨¤Â� ¢¤�õ ü±÷�¹õ ö¢�� ñ�õÂ÷ ø Ó�ã® ý¤�ð¥�¨ Û�±ì ¥� ö� ýÀ�2 Kernel estimator3 Bandwidth



üó�Ú� â��� ý��µÆû Âð¢¤ø�Â� À÷�� ý��ú� Û��Öµõ ü¹�¨ ¤�±µä� ø ý��� ¢¤ø�Â� : : : : : : : : : 44ý�Â� . efn(x) ! 1 ù�Ú÷� x ! 0 üµìø �î ´¨� ßþ� Âð¢¤ø�Â� ßþ� ü¨�¨� ÛØÈõÂð¢¤ø�Â� (1991) �÷�� ÛØÈõ ßþ� âê¤bfn(x) = (nh)�1b�n nXj=1K �x� Yjh �Y �1j ; (5)ü¨¤Â� ßÞ® ,(1991) �÷�� .´¨� ö¤�Öµõ �µÆû ×þ K(�) ö� ¤¢ �î ,¢Âî üêÂãõ �¤ñ� Þ µ�� ü ó� Ú� â �� � × þ Â ð¢¤ø�Â � ß þ� ¢�¢ ö�È ÷ Â ð¢¤ø�Â � ß þ� � � � ú � «��¡ö�¤� Ø Þ û ø � þ¤� �� �� � Â ð¢¤ø�Â � Û Ø È õ Â Ô ¬ ü Ø þ¢� ÷ ¤¢ ùø� ã � .´ ¨� � � ÷É¡�ª ¥� ù¢�Ô µ¨� � � ýø .Àû¢üõ ö�È÷ ¢�¡ ¥� ýÂµú � ¤� µ ê¤ ø ¢¤�À ÷ �¤ (1988)ßþ� üÜî ÛØª .¢¤ø� ´¨¢ �� �¤ ���ú� h ,MSE(f̂n(x)) = R (f̂n(x) � f(x))2dx´¨� Âþ¥ �¤�¬ �� ,(ö¤�Öµõ�÷ �þ ö¤�Öµõ) ù��¿ó¢ �µÆû â���� ý�Â� Âð¢¤ø�Â�f̂h(x) = n�1b�n nXj=1 Y �1j K(x;Yj ; h): (6)Â µ õ�¤� � ø � µÆû â �� � ,Ý ú õ Ûõ� ä ø¢ � µÆû ©ø¤ � � ü ó�Ú� â �� � ¢¤ø�Â � ¤¢��¿µ÷� �î ´¨� ý¤ø�¢�þ �� �¥� À�� Âû .À��îüõ �Ôþ� �¤ üÞúõ ÇÖ÷ À÷�� ý��ú�ý¢Àã µ õ â �� � õ .´¨� � µÆû â �� � ��¿ µ ÷� ¥� Â µ Þ ú õ ¤� �Æ � À ÷� � ý� � ú � Â µ õ�¤� �ö¥¤� � ,(1956) ��� ö¥ø¤ � � ö�� �üõ �ÜÞ� ö� ¥� �î À ÷¤�¢ ¢��ø �� � õ¥ ßþ� ¤¢â��� � üÜî ¤�Î� .¢�Þ÷ ù¤�ª� (1995) �÷�� ø À÷�ø ø (1985) ßõ¤�Ü�¨ ,(1962)�ÜÞ� ¥� �î ,¢Âî Ý�ÆÖ� ö¤�Öµõ�÷ ø ö¤�Öµõ ý�û�µÆû ù¢¤ ø¢ �� ö���üõ �¤ �µÆûù¤�ª� 5é�Ø�÷º÷��� ø ü¨ø�ð ,4¤�î Åî�� ý�û�µÆû �� ö���üõ ö¤�Öµõ ý�û�µÆû�ÜÞ� ¥� 7 öø¤�ø ü¨ø�ð ÅØä ø 6öø¤�ø ü¨ø�ð ,�õ�ð ý�û�µÆû ß��»Þû .¢Âî.À�µÆû ö¤�Öµõ�÷ ý�û�µÆûù¢�Ôµ¨� ¢¤�õ ¢øÀ½õ ù�ð��Ø� �� üó�Ú� â��� ¢¤ø�Â� ¤¢ ö¤�Öµõ�÷ ý�û�µÆû �f�Þãõ��¡ °Üè� üó�Ú� â���� á�÷ ßþ� ¢¤ø�Â� ¤¢ ö¤�Öµõ ý�û�µÆû �Âþ¥ .À÷Â�ðüõ ¤�Âì4 Boxar kernel5 Epanehnikov kernel6 Inverse Gussian kernel7 Reiproal inverse Gussian kernel



45 : : : : : : : : : : : : : : : : : : : : : : : : : : : : ý¤�úÞ� �¤�¨ ,¤�Øê À��ø ,À÷ø¤��µ¿� üÞ¹ä ¢�ãÆõ,´��� ø �ÂØ¨��î) À÷¤ø�üõ ¢���� �¤ 8ý¥Âõ ü±þ¤� ÛØÈõ ø À��îüÞ÷ ÛÞä.(2006�µÔð ��÷ ý¤��Þû Âµõ�¤�� ö� �� À�îüõ ñÂµ�î �¤ Âð¢¤ø�Â� ý¤��Þû ö���õ h ö��,Â�ï¤�� À÷�� ý��ú� �� ø ¤��Þû Ýî ¢¤ø�Â� ,×��î À÷�� ý��ú� ��¿µ÷� �� .¢�ªüõâ �� � ¢¤ø�Â � ¶½ � ¤¢ .À þ�ü õ ´¨¢ � � ü ó�Ú� â �� � ý�Â � ý¤��Þû Ç� � ¢¤ø�Â �ß þÀ �� .¢�ª ¢¤ø�Â � À þ� � ø ´¨� ñ�ú¹õ À ÷� � ý� � ú � Â µ õ�¤� � �f �Þã õ ,ü ó�Ú�ßþÂ�×þ¢�÷ ý�û©ø¤ �� ö���üõ �ÜÞ� ö� ¥� �î ,¢¤�¢ ¢��ø h ¢¤ø�Â� ý�Â� ©ø¤Û��Öµõ ü¹�¨¤�±µä� ø 10�ø¢ ý�ûö��� ßþÂµÞî Û��Öµõ ü¹�¨¤�±µä� ,9üÚþ�ÆÞû.¢Âî ù¤�ª� 11°þ¤��µêÂð ÂÑ÷ ¤¢ 12üã®�õ�Âê Âµõ�¤�� ×þ �¤�¬ �� h ý�û©ø¤ ßþ� üõ�Þ� ¤¢¢¤ø�Â� �� ý��� ´ê��û¤ ßµêÂð ÂÑ÷ ¤¢ �� (2002) Ù÷��� ø �þ�û¢���ðßð .¢�ªüõ¤¢ �� (2006) ´��� ø �ÂØ¨��î ùÀª ¤�Æ÷�¨ ý�ûù¢�¢ ý�Â� .À�µ¡�¢Â� h üã®�õ,À÷� � ý��ú� ý�Â� °¨��õ ß�È�� ��¿µ÷� ø �Î¡ �ø¢ ö��� ö�þ¥ â�� � ßµêÂð ÂÑ÷.À÷¢¤ø� ´¨¢ �� ß�Æ� âþ¥�� ß�Ú÷��õ �¤�¬ �� �¤ h(x) Âð¢¤ø�Â�¤¢ ý� � � ©ø¤ � � À ÷� � ý� � ú � ��¿ µ ÷� ü¨¤Â � � � 2 Ç¿ � ¤¢ ,� ó� Ö õ ß þ� ¤¢À÷�ªüõ ���¤� ´¨��� ¤¢ Ç¿� ßþ� ý�þ�Ìì ��±�� .¢�ªüõ �µ¡�¢Â� �÷�� Âð¢¤ø�Â�ßþÂµÞî Û��Öµõ ü¹�¨¤�±µä� ø ý��� ¢¤ø�Â� ø¢ ý¥�¨ ��±ª �ãó�Îõ �� 3 Ç¿� ¤¢ .ø ¶½ � .À ÷�ªü õ �Æ þ� Ö õ � ÷�� Â ð¢¤ø�Â � ¤¢ À ÷� � ý� � ú � ý�Â � �ø¢ ý� ûö�� �.¢�ªüõ ���¤� 4 Ç¿� ¤¢ ýÂ�ð�¹�µ÷À÷�� ý��ú� ý��� ¢¤ø�Â� 2¤¢ �ûù¢�¢ ø ´¨� üê¢�Ê� Â�çµõ ×þ ¢�¡ ¤��÷ ý��ú� �Ø�þ� Âê �� ,´ÞÆì ßþ� ¤¢ù¢�Ôµ¨� f üó�Ú� â��� ö¢¥ ß�Þ¿� ý�Â� �÷�� Âð¢¤ø�Â� ¥� ,À�µÆû °þ¤�-ñ�Ï8 Boundary bias9 Nearest neighbour10 Least squares ross validation11 Biased ross validation12 Global



üó�Ú� â��� ý��µÆû Âð¢¤ø�Â� À÷�� ý��ú� Û��Öµõ ü¹�¨ ¤�±µä� ø ý��� ¢¤ø�Â� : : : : : : : : : 46°��Â� �� �î ü¨ø�ð ø öø¤�ø ü¨ø�ð �µÆû ø¢ ��¿µ÷� � � �¤ �ó�bÆõ ßþ� .¢�ªüõ.¢�ª üõ ¢¤ø�Â� ý��� ©ø¤ �� h ø ù¢�Þ÷ ü¨¤Â� ,À�µÆû ö¤�Öµõ ø ö¤�Öµõ�÷ üã����üê¢�Ê� �÷�Þ÷ ßµêÂð ÂÑ÷ ¤¢ �� .Àª�� h ý�Â� ß�È�� üó�Ú� â��� �(h) À��î Âê´¨� Âþ¥ �¤�¬ �� x �ÎÖ÷ ¤¢ h ß�Æ� üó�Ú� ,G âþ¥�� ¥� Yn ,: : : ,Y1�̂(hjY1; : : : ; Yn; x) = f̂h(x)�(h)R f̂h(x)�(h)dh : (7)�µÆû â��� §�¨� Â� ø üã®�õ �¤�¬ �� �÷�� Âð¢¤ø�Â� À÷�� ý��ú� ,Âþ¥ ��Ìì ¤¢�µÆû â��� üÜî ÛØª .¢�ªüõ �±¨�½õ �÷ø¤�ø �õ�ð ß�È�� üó�Ú� ø öø¤�ø ü¨ø�ð´¨� Âþ¥ �¤�¬ �� öø¤�ø ü¨ø�ðK(x; y; h) = 1p2�hx3 e� 12h (x�y)2=xy2 ; x; h > 0;�1 < y <1: (8)�� öø¤�ø ý�õ�ð ,h ß�È�� âþ¥�� ø öø¤�ø ü¨ø�ð ,�µÆû â��� À��î Âê : 1 ��Ìì�¤�¬ �� � ø � ý�ûÂµõ�¤���(h) = 1���(�)h�+1 e�( 1�h ); � > 0; � > 0: (9)âþ¥�� ß�Ú÷��õ �î h ý��� ¢¤ø�Â� ,�Î¡ �ø¢ ö��� ö�þ¥ â��� ßµêÂð ÂÑ÷ ¤¢ �� .Àª���� ´¨� Â��Â� x �ÎÖ÷ ¤¢ ´¨� ß�Æ�h�n = hn(x) = E[(hjY1; : : : ; Yn; x)℄ = Pnj=1 Y �1j (��j )(���1)(�� � 1)Pnj=1 Y �1j (��j )(��) : (10)h ß�Æ� âþ¥�� (7) �� ���� �� ø (6) �Î��¤ ¤¢ (8) �µÆû â��� ý¤�ÁÚþ�� �� : ö�ûÂ��¤�¬ ���̂(hjY1; : : : ; Yn; x) = Pnj=1 Y �1j : 1p2�hx3 e� (x�Yj )22hxY 2j : 1���(�)h�+1 e� 1�hR Pnj=1 Y �1j : 1p2�hx3 e� (x�Yj )22hxY 2j : 1���(�)h�+1 e� 1�h dh



47 : : : : : : : : : : : : : : : : : : : : : : : : : : : : ý¤�úÞ� �¤�¨ ,¤�Øê À��ø ,À÷ø¤��µ¿� üÞ¹ä ¢�ãÆõ= Pnj=1(Y �1j =h��+1e �1��j h )Pnj=1 Y �1j R (e �1��j h =h��+1)dh= Pnj=1(Y �1j =h��+1e �1��j h )�(��)Pnj=1 Y �1j (��j )�� ; ö� ¤¢ �î ,Àþ�üõ ´¨¢����j = [1� + (x� Yj)22xY 2j ℄�1�� = �+ 12 ; � > 12 :.´¨� Âþ¥ �¤�¬ �� ß�Æ� âþ¥�� ß�Ú÷��õ h ý��� ¢¤ø�Â�h�n = Z h:Pnj=1(Y �1j =h��+1)e�1=(h��j )�(��)Pnj=1 Y �1j (��j )�� dh= Pnj=1 Y �1j�(��)Pnj=1 Y �1j (��j )�� Z e�1=h��jh�� dh= Pnj=1 Y �1j (��j )(���1)(�� � 1)Pnj=1 Y �1j (��j )(��) :f üó�Ú� â��� ,G âþ¥�� ¥� üê¢�Ê� ý��÷�Þ÷ Yn ,: : : ,Y1 À��î Âê : 2 ��Ììüµìø ,0 < x < T Âû ý�¥� � � Âð� .Àª� � T = infft : 1 � F (t) > 0g ø ¤�À ÷�Âîù�Ú÷� limn!1 h�n = 0jf̂h�n(x)� f(x)j a:s�! 0:âþ¥�� â��� ö���üõ �û Yi ü�Â¹� âþ¥�� â��� ö���ä �� Gn ßµêÂð ÂÑ÷ ¤¢ �� : ö�ûÂ�¢Âî ¢¤ø�Â� Âþ¥ �¤�¬ �� �¤ FFn(t) = b�n Z t0 y�1dGn(y):



üó�Ú� â��� ý��µÆû Âð¢¤ø�Â� À÷�� ý��ú� Û��Öµõ ü¹�¨ ¤�±µä� ø ý��� ¢¤ø�Â� : : : : : : : : : 48ßþ�Â����f̂h�n(x) = n�1b�n nXj=1 Y �1j K(x;Yj ; h�n)= b�n Z 10 u�1K(x;u;h�n)dGn(u)= Z 10 K(x;u;h�n)dFn(u): (11)ÀþÂ�Ú� ÂÑ÷ ¤¢fh�n(x) = Z 10 K(x;u; h�n)dF (u): ßþ�Â����jf̂h�n(x)� f(x)j � jf̂h�n(x) � fh�n(x)j+ jfh�n(x)� f(x)j=: J1 + J2: (12)Ýþ¤�¢ ñ��J1 = ����Z 10 K(x;u; h�n)dFn(u)� Z 10 K(x;u; h�n)dF (u)����= ����Z 10 K(x;u; h�n)d[Fn(u)� F (u)℄����= ����Z 10 [Fn(u)� F (u)℄dKu(x;u; h�n)����� sup0<t�T jFn(t)� F (t)j ����Z 10 dKu(x;u; h�n)���� : (13)¤�ð¥�¨ ´¡���Øþ ¤�Ï�� Âð¢¤ø�Â� Fn ,(1985) ��ø¤�û 2 ��Ìì Â� �� � üêÂÏ ¥�Ýþ¤�¢ n!1 ù�ðÂû ßþ�Â���� .´¨� F (t) ý�Â� ý�ìsup0<t�T jFn(t)� F (t)j a:s�! 0:



49 : : : : : : : : : : : : : : : : : : : : : : : : : : : : ý¤�úÞ� �¤�¨ ,¤�Øê À��ø ,À÷ø¤��µ¿� üÞ¹ä ¢�ãÆõï¤�� ý�û n ý�Â� ß��»Þû����Z 10 dKu(x;u; h�n)���� = 1p2�h�nx3 e� 12h�nx :2 � �Ì ì ö� ûÂ � � ��È õ ,ÂÚ þ¢ éÂÏ ¥� .J1 ! 0 ù� Ú ÷� ,n ! 1 üµ ìø ,ß þ�Â �� � �2 .¢�ªüõ Ûõ�î ��±�� Å� .J2 ! 0 Ýþ¤�¢ ,(2006) ´��� ø �ÂØ¨��îß�È�� üó�Ú� ø ü¨ø�ð �µÆû â��� §�¨� Â� ,�÷�� Âð¢¤ø�Â� À÷�� ý��ú� �õ�¢� ¤¢�¤�¬ �� � ø � ý�ûÂµõ�¤�� �� �÷ø¤�ø �õ�ð�(h) = 2�(�)�� 1h2�+1 exp(� 1�h2 ); � > 0; � > 0; h > 0; (14).¢�ªüõ �±¨�½õ,�Î¡ �ø¢ ö��� ö�þ¥ â��� ø (14) ß�È�� âþ¥�� ,ü¨ø�ð �µÆû â��� ý�Â� : 3 ��Ìì¥� ´¨� �¤�±ä x �ÎÖ÷ ¤¢ h ý��� Âð¢¤ø�Â�h�n = �(�)Pni=1 Y �1i f1=(�(Yi � x)2 + 2)g�p2��(�+ 12 )Pni=1 Y �1i f1=(�(Yi � x)2 + 2)g�+ 12 : (15)(6) �Î��¤ ¤¢ ü¨ø�ð �µÆû â��� ý¤�ÁÚþ�� ø (7) �Î��¤ ßµêÂð ÂÑ÷ ¤¢ �� : ö�ûÂ�Ýþ¤�¢�̂(hjY1; : : : ; Yn; x) = f̂h(x)�(h)R f̂h(x)�(h)dh= Pni=1 Y �1i 1h2�+2 expf� 1h2 (Yi�x)22 + 1� gR10 Pni=1 Y �1i 1h2�+2 expf� 1h2 (Yi�x)22 + 1�gdh(16)�¤�¬ �� (16) �Î��¤ ´¨�¤ éÂÏ ,�i = 12 (Yi � x)2 + 1� À��î Âê= Pni=1 Y �1i ( 1h2�+2 ) expf� 1h2 (Yi�x)22 + 1� gPni=1 Y �1i R10 exp(��ih2 )( 1h2�+2 )dh (17)



üó�Ú� â��� ý��µÆû Âð¢¤ø�Â� À÷�� ý��ú� Û��Öµõ ü¹�¨ ¤�±µä� ø ý��� ¢¤ø�Â� : : : : : : : : : 50À��î Âê (17) ÂÆî �Â¿õ ü¨¤Â� ý�Â� .¢�ªüõ Û¬��u = 1h2 Ýþ¤�¢nXi=1 Y �1i Z 10 exp(� �ih2 ) 1h2�+2 dh = �12 nXi=1 Y �1i Z 10 exp(��iu)u�� 12 du= 12 nXi=1 Y �1i �(� + 12 )��(�+ 12 )i= nXi=1 Y �1i �(� + 12 )2 f (Yi � x)22 + 1� g��� 12ßþ�Â�����̂(hjY1; : : : ; Y1; x) = Pni=1 Y �1i ( 1h2�+2 ) expf� 1h2 (Yi�x)22 + 1� gPni=1 Y �1i (�(� + 12 )=2)f(Yi � x)2=2+ 1�g��� 12 :�¤�¬�� üã®�õ À÷�� ý��ú�h�n(x) = R10 Pni=1 Y �1i exp(��i=h2)( 1h2�+1 )dhPni=1 Y �1i (�(�+ 12 )=2)f(Yi � x)2=2+ 1� g��� 12 :¥� ´¨� �¤�±ä ö� ÂÆî �¤�¬ �î ,¢�ªüõ �±¨�½õZ 10 nXi=1 Y �1i exp(��ih2 ) 1h2�+2 hdh = 12 nXi=1 Y �1i Z 10 exp(��iu)u��1du= 12 nXi=1 Y �1i �(�)���i= �(�)2 nXi=1 Y �1i f (Yi � x)22 + 1� g��ßþ�Â����h�n(x) = �(�)Pni=1 Y �1i f(Yi � x)2=2+ 1� g���(�+ 12 )Pni=1 Y �1i f(Yi � x)2=2+ 1�g��� 12



51 : : : : : : : : : : : : : : : : : : : : : : : : : : : : ý¤�úÞ� �¤�¨ ,¤�Øê À��ø ,À÷ø¤��µ¿� üÞ¹ä ¢�ãÆõ= �(�)Pni=1 Y �1i f1=(�(Yi � x)2 + 2)g�p2��(�+ 12 )Pni=1 Y �1i f1=�(Yi � x)2 + 2)g�+ 12 :
ö�� �üõ ü¨ø�ð � µÆû � � f̂h�n Âð¢¤ø�Â � ý�ì ý¤�ð¥�¨ ü¨¤Â � ý�Â � : 1 ÂîÁ�.¢Âî ÛÞä 2 ��Ìì ���Èõý¥�¨��±ª 3ü¹�¨¤�± µä� ø ý�� � ©ø¤ ø¢ �� À ÷� � ý��ú � ¢¤ø�Â � �Æþ�Öõ ý�Â � ,Ç¿� ßþ� ¤¢ü¨ø�ð ø ü¨ø�ð �µÆû ø¢ �� ý¥�¨ ��±ª ý��ãó�Îõ �ø¢ ý�ûö��� ßþÂµÞî Û��Öµõ� � � õ�ð ý�ûù¢�� ÷�¡ �Ìä f âþ¥�� ,�ûý¥�¨ �� ±ª ßþ� ¤¢ .¢�ªüõ ��¹÷� öø¤�ø�¤�¬f(t) = t�1e� t���() ;  > 0; � > 0; t � 0; �¤�¬ �� ñ�±þ�ø øf(t) = t�1e�( t� )� ;  > 0; � > 0; t � 0;,Àª�� Gamma(; �) °þ¤��÷ âþ¥�� Âð� ,(4) �Î��¤ Õ±Ï . ¢�ªüõ �µêÂð ÂÑ÷ ¤¢���Èõ ÕþÂÏ �� .¢�� Àû��¡ Gamma( + 1; �) °þ¤�-ñ�Ï ¤¢ �ãõ�� âþ¥�� ù�Ú÷�� õ�ð °þ¤�-ñ�Ï ¤¢ �ãõ�� âþ¥�� ù�Ú÷� ,Àª� � Weibull(; �)°þ¤�� ÷ âþ¥�� Âð��¤�¬ �� �µê�þ Ý�Þã�f(t) = ��(1+ 1 )t(1+ 1 )�1e�( t� )�(1+ 1 ) ;  > 0; � > 0; t � 0:ý�Â� °��Â� �� (14) ø (9) ß�È�� ý�ûâþ¥�� ¥� ,h ý��� ¢¤ø�Â� �±¨�½õ ¤¢ .´¨�Â �� � ûý¥�¨ � � ±ª ß þ� ¤¢ .¢�ªüõ ù¢� Ô µ¨� ü¨ø� ð ø öø¤�ø ü¨ø�ð ý�û� µÆû.´¨� ùÀª ü¨¤Â� f̂h�(t) Âð¢¤ø�Â� ýø¤ ß�È�� âþ¥�� ý�ûÂµõ�¤��



üó�Ú� â��� ý��µÆû Âð¢¤ø�Â� À÷�� ý��ú� Û��Öµõ ü¹�¨ ¤�±µä� ø ý��� ¢¤ø�Â� : : : : : : : : : 52ßþÂµÞî Û��Öµõ ü¹�¨¤�±µä� ©ø¤ ¤¢ À÷¢�¢ ö�È÷ (1998) ö�¤�ØÞû ø ö�õ��ð�¤�±ä ö¢Âî ���Þî ¥� ö���üõ �¤ ���ú� h ,´¨� ö¤�Öµõ �µÆû üµìø ,�ø¢ ý�ûö���J(h) �= (( nXi=1 y�1i )�2h�1 nXj=1 nXi=1(yiyj)�1K �K(yi � yjh )� 2�n�1 nXi=1(Xj 6=i y�1j )�1y�1i h�1Xj 6=i y�1j K(yj � yih ));ÓþÂã� Âþ¥ �¤�¬ �� ø ´¨� K â��� ø¢ Ç»�� K �K(�) ö� ¤¢ �î ,¢¤ø� ´¨¢ ��¢�ªüõK �K(u) = Z 1�1K(u� v)K(v)dv:,Àª�� ö¤�Öµõ�÷ �µÆû Âð� ,���Èõ ÕþÂÏ �� .´¨� ùÀª Ý¨¤ ,1 ÛØª ¤¢ J(h) ¤�¢�Þ÷
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� = 1, = 2 ý�ûÂµõ�¤�� � � �õ�ð âþ¥�� °þ¤��÷ �ãõ�� ¤¢ J(h) ¤�¢�Þ÷ :1 ÛØªn = 20 ø � = � = 3,ü¹�¨¤� ± µä� ©ø¤ ¥� ù¢� Ô µ¨� ø Â þ¥ �¤� ±ä ¤¢ (6) �Î ��¤ ý¤�ÁÚþ�� � � ö�� �üõ



53 : : : : : : : : : : : : : : : : : : : : : : : : : : : : ý¤�úÞ� �¤�¨ ,¤�Øê À��ø ,À÷ø¤��µ¿� üÞ¹ä ¢�ãÆõ¢¤ø� ´¨¢ �� �¤ ���ú� h ,�ø¢ ý�ûö��� ßþÂµÞî Û��ÖµõĴ(h) �= Z f̂2h (t)dt� 2 Z f̂h(t)f(t)dt:´±Æ÷ ,h ¢¤ø�Â� ¤¢ Û��Öµõ ü¹�¨¤�±µä� ø ý��� ©ø¤ ø¢ ¢ÂØÜÞä �Æþ�Öõ ý�Â��� tÓÜµ¿õ Âþ¢�Öõ ý�¥� �� À÷�� ý��ú� ø¢ �� �÷�� Âð¢¤ø�Â� ùÀª ¢¤ø�Â� ý�û MSE�¤�¬r(t) = EMSE(f̂h(t))EMSE(f̂h�n(t)) ;ö� ¤¢ �î ,´¨� ùÀª Ý¨¤ 4 ø 2 ý�ûÛØª ¤¢ ö� ¤�¢�Þ÷ ø �±¨�½õEMSE(�n(t)) = 1N NXi=1(�n(t)� �(t))2:¢�Àã� N ø À�µÆû ö� Âð¢¤ø�Â� ø ù��¿ó¢ üó�Ú� â��� ÂÚ÷�È÷ °��Â� �� �n(t) ø �(t)°��Â � � � h�n ø h .´¨� ùÀª � µ êÂð ÂÑ ÷ ¤¢ 1000 Â ��Â � � ûý¥�¨ � � ±ª ��ã ê¢üúþÀ� .À�µÆû ý��� ø Û��Öµõ ü¹�¨¤�±µä� ý�úªø¤ ¥� ùÀõ� ´¨¢ �� h ¤�ÀÖõ ÂÚ÷�È÷ý��� ©ø¤ ,Àª�� EMSE(f̂h(t)) ¥� ÂµØ��î EMSE(f̂h�n(t)) ¤ÀÖ� Âû �î ´¨�´¨¢ �� Âð¢¤ø�Â� ÂÚþ¢ �¤�±ä �� .À�îüõ ÛÞä Âµú� Û��Öµõ ü¹�¨¤�±µä� ©ø¤ ¥�.´¨� Û��Öµõ ü¹�¨¤�±µä� ¤��÷ ý��ú� �� Âð¢¤ø�Â� ¥� Âµú� ý��� ¤��÷ ý��ú� �� ùÀõ� = 2 ø � = 1 ý�ûÂµõ�¤�� � � �õ�ð ,°þ¤��÷ �ãõ�� âþ¥�� 3 ø 2 ý�ûÛØª ¤¢ø ù¢�� � = � = 3 ,h ß�È�� âþ¥�� ý�ûÂµõ�¤�� ß��»Þû .´¨� ü¨ø�ð �µÆû ø ù¢��.´¨� n = 20 �÷�Þ÷ Ý¹�ý��� ©ø¤ �î ¢�ªüõ �Ñ��õ ,��Êµ¿õ �bÀ±õ üØþ¢�÷ ¤¢ ,2 ÛØª �� ���� ���� ¸þ¤À� �� �õ� .À�îüõ ÛÞä Û��Öµõ ü¹�¨¤�±µä� ©ø¤ ¥� Âµú� À÷�� ý��ú� ¢¤ø�Â� ¤¢ø¢ Âû tÇþ��ê� �� üóø ù¢Âî ÛÞä Âµú� Û��Öµõ ü¹�¨¤�±µä� ©ø¤ �Àµ�� ,t öÀª ¢�þ¥.À��îüõ ÛÞä Ýû ��±ª �f±þÂÖ� ©ø¤�� �÷�� Âð¢¤ø�Â� ù�ÂÞû �� �¤ �õ�ð °þ¤��÷ �ãõ�� üó�Ú� â��� ¤�¢�Þ÷ ,3 ÛØª.Àû¢üõ ö�È÷ �¤ Û��Öµõ ü¹�¨¤�±µä� ø ý��� ©ø¤ ø¢ �� ùÀª ¢¤ø�Â� ý�ûÀ÷�� ý��ú��� ý��� ©ø¤ �� üó�Ú� â��� ¢¤ø�Â� ¢�ªüõ ùÀû�Èõ ÛØª ßþ� ¤¢ �î �÷�Ú÷�Þû



üó�Ú� â��� ý��µÆû Âð¢¤ø�Â� À÷�� ý��ú� Û��Öµõ ü¹�¨ ¤�±µä� ø ý��� ¢¤ø�Â� : : : : : : : : : 54¢¤ø�Â� 5 �� 2 ¯�Ö÷ ß�� .Àª�� üõ üÜ¬� üó�Ú� â��� �� Â�×þ¢�÷ 2 �ÎÖ÷ üØþ¢�÷ø¢ Àã� �� 5 �ÎÖ÷ ¥� .À�îüõ ÛÞä Âµú� Û��Öµõ ü¹�¨¤�±µä� ©ø¤ �� üó�Ú� â���.À��îüõ ÛÞä Ýû ��±ª �f±þÂÖ� ©ø¤ = 2 ø � = 1 ý�ûÂµõ�¤�� �� ñ�±þ�ø ,°þ¤��÷ �ãõ�� âþ¥�� 5 ø 4 ý�ûÛØª ¤¢� = � = 3 ,h ß�È�� âþ¥�� ý�ûÂµõ�¤�� ß��»Þû .Àª��üõ ü¨ø�ð �µÆû ø ù¢��,��Êµ¿õ �bÀ±õ üØþ¢�÷ ¤¢ ,4 ÛØª �� ���� �� .´¨� n = 20 �÷�Þ÷ Ý¹� ø ù¢��ü¹�¨¤�±µä� ©ø¤ ¥� Âµú� À÷� � ý��ú� ¢¤ø�Â� ¤¢ ý��� ©ø¤ �î ¢�ªüõ �Ñ��õÛÞä Âµú� Û��Öµõ ü¹�¨¤�±µä� ©ø¤ ,t öÀª ¢�þ¥ �� ¸þ¤À� �� �õ� .À�îüõ ÛÞä Û��Öµõ.À�îüõý�û¤�¢�Þ ÷ ù�ÂÞû � � �¤ ñ� ± þ�ø °þ¤�� ÷ â þ¥� � ü ó�Ú� â �� � ¤�¢�Þ ÷ ,5 ÛØªü¹�¨¤�± µä� ø ý�� � ©ø¤ ø¢ �� ùÀª ¢¤ø�Â � ý�ûÀ÷� � ý��ú � � � � ÷�� Âð¢¤ø�Â �Û��Öµõ ü¹�¨¤�±µä� ø ý��� ©ø¤ ø¢ ¤�¢�Þ÷ ßþ� �� ���� �� .Àû¢üõ ö�È÷ Û��Öµõ.À��îüõ ÛÞä Ýû ��±ª �f±þÂÖ�ø �) °þ¤��÷ �ãõ�� âþ¥�� ý�ûÂµõ�¤�� ��¿µ÷� �÷�Ú� ¢�ªüõ �Ñ��õ �õ�¢� ¤¢üÞúõ ÇÖ÷ ý�¤�¢ ýÂ�ð�÷�Þ÷ Ý¹� ß��»Þû ø ( ø �) ü�ãþ h ß�È�� âþ¥�� ø (�.À�µÆû �÷�� ý�ûÂð¢¤ø�Â� ¤�µ¡�¨ ¤¢�ûÂð¢¤ø�Â� ùÀª ¢¤ø�Â� ý�Î¡ �ø¢ ö��� ß�Ú÷��õ �µÆ� âÞ� ¤�ÀÖõ ,1 ñøÀ� ¤¢ùÀª �±¨�½õ ÓÜµ¿õ �÷�Þ÷ ý�ûÝ¹� ø ü¨ø�ð �µÆû ßµêÂð ÂÑ÷ ¤¢ �� (EIMSE)ùÀª �µêÂð ÂÑ÷ ¤¢ 3 Â��Â� � ,� �ø�Ôµõ Âþ¢�Öõ ý�Â� ,(14) ß�È�� âþ¥�� ¤¢ .´¨��¤�¬ �� ´±Æ÷ ßþ� .´¨�r� = EIMSE(f̂h)EIMSE(f̂h�) ; ö� ¤¢ �î ,´¨�EIMSE(�n) = 1mN NXj=1 mXi=1(�n(zi)� �(zi))2:�¤�¬ �� �û zi ,ë�ê ¤�ÀÖõ �±¨�½õ ý�Â�zi = Y(1) + im (Y(n) � Y(1)); i = 1; : : : ;m



55 : : : : : : : : : : : : : : : : : : : : : : : : : : : : ý¤�úÞ� �¤�¨ ,¤�Øê À��ø ,À÷ø¤��µ¿� üÞ¹ä ¢�ãÆõ
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üó�Ú� â��� ý��µÆû Âð¢¤ø�Â� À÷�� ý��ú� Û��Öµõ ü¹�¨ ¤�±µä� ø ý��� ¢¤ø�Â� : : : : : : : : : 56
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57 : : : : : : : : : : : : : : : : : : : : : : : : : : : : ý¤�úÞ� �¤�¨ ,¤�Øê À��ø ,À÷ø¤��µ¿� üÞ¹ä ¢�ãÆõYn ,: : : ,Y1 üê¢�Ê� �÷�Þ÷ ¤¢ °�Âõ ù¤�õ� ß�õ�-j ,Y(j) ö� ¤¢ �î ,À÷�ªüõ ��¿µ÷�.´¨�¤¢ ý��� ø Û��Öµõ ü¹�¨¤�±µä� ý�ûÀ÷�� ý��ú� �� �÷�� Âð¢¤ø�Â� r� ´±Æ÷ :1 ñøÀ�ÓÜµ¿õ  ø � = 1 �� ñ�±þ�ø ø �õ�ð âþ¥��Weibull(2; 1) Gamma(2;1) Exp(1) Weibull(0=5; 1) Gamma(0=5;1) � n2/94 1/99 2/75 0/80 1/98 3 51/59 1/32 1/90 0/55 1/52 51/05 1/21 1/75 0/29 1/07 101/66 1/43 3/35 0/98 2/11 3 201/74 1/01 2/67 0/83 2/16 51/26 0/66 1/73 0/68 1/91 101/85 1/56 3/21 1/05 2/16 3 402/38 1/15 3/09 0/91 2/49 52/09 0/77 2/85 0/76 2/6 1 10ý�û� ÷�Þ ÷ Ý¹� üõ�Þ � ¤¢ � î ¢�ª üõ �Ñ��õ 1 ñøÀ� ¤¢ � î ¤�Ïö�Þûý�Â� ý��� ©ø¤ �Áó .À��þüõ Çû�î r� ´±Æ÷ ¤�ÀÖõ � Âµõ�¤�� Çþ��ê� �� ü��¿µ÷�ï¤�� ý�û � ý�Â� °þ¤�-ñ�Ï ¤¢ ý�ûù¢�¢ �� �÷�� Âð¢¤ø�Â� ¤¢ À÷�� ý��ú� ��¿µ÷�Ý¹� ¤¢ ñ�±þ�ø ù¢��÷�¡ ¤¢ ß��»Þû .À�îüõ ÛÞä Û��Öµõ ü¹�¨¤�±µä� ©ø¤ ¥� Â�À�.´¨� ý��� ©ø¤ ¥� Âµú� Û��Öµõ ü¹�¨¤�±µä� ©ø¤ ß�þ�� �÷�Þ÷ýÂ�ð�¹�µ÷ ø ¶½� 4¤¢ ý�ûù¢�¢ �� �÷�� Âð¢¤ø�Â� ¤¢ À÷�� ý��ú� ��¿µ÷� ý�Â� ý��� ©ø¤ �ó�Öõ ßþ� ¤¢Âî£ Û��ì .Àþ¢Âð �Æþ�Öõ Û��Öµõ ü¹�¨¤�±µä� ©ø¤ �� ø Àª ù¢�Ôµ¨� °þ¤�-ñ�Ï×þ ��¿µ÷� ÛØÈõ �� ö���üõ �ÜÞ� ö� ¥� �î ¢¤�¢ ��÷ ü±þ�ãõ ý��� ©ø¤ �î ´¨�â��� á�÷ �� �µÆ��ø ß�È�� âþ¥�� ��¿µ÷� �¹�þ� ¤¢ .¢Âî ù¤�ª� °¨��õ ß�È�� âþ¥��.´¨� Âð¢¤ø�Â� �±¨�½õ ¤¢ �µê¤ ¤�î �� �µÆû¥� ù¢�Ôµ¨� ö� ø À�µÆû ÂµÈ�� ü¨¤Â� ø Õ�Ö½� À�õ¥��÷ �î À÷¤�¢ ¢��ø ý¢¤��õÂ� ùø�ä .´¨� ÂÚþ¢ ö¤�Öµõ�÷ ø ö¤�Öµõ ý�û�µÆû ø ÂÚþ¢ °¨��õ ß�È�� ý�ûâþ¥���±�Âõ ß�Ú÷��õ üþ�ÂÚÞû ø �÷�� üó�Ú� â��� Âð¢¤ø�Â� ý�ì ´¡���Øþ üþ�ÂÚÞû ßþ�
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