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Introduction

Order statistics play a crucial role in various branches of statistics and prob-
ability. Furthermore, examining the behavior of indices such as the hazard
rate function in topics like survival analysis in biostatistics and reliability
theory in engineering statistics is particularly important. In reliability the-
ory, a system whose operation requires at least k out of m components to be
working is known as a k-out-of-m system. The (m — k + 1)-th order statistic
represents the lifetime of such a system. Investigating the preservation of
the Increasing Failure Rate (IFR) property in these systems is particularly
important. In the continuous case, it has been proven that if a random
variable X possesses the IFR property, then its order statistics will also ex-
hibit the IFR property. However, the main challenge is that in the discrete
case, the probability mass function of order statistics does not have a closed
form. Furthermore, the IFR property is not preserved in coherent systems,
which are generalizations of k-out-of-m systems; that is, if the components
are IFR, then the coherent system will not be IFR. For this reason, another
property called Increasing Failure Rate on Average (IFRA) was introduced,
and it was shown that the IFRA property is preserved in coherent systems
when the component lifetimes are continuous random variables. After that,
some researchers have proven that when component lifetimes are discrete,
the IFRA property is preserved in coherent systems. Consequently, it has
been observed that the preservation of the IFR property in k-out-of-m sys-
tems for the discrete case remained unproven until recently. However, some
researchers proved this problem in 2024 using an integral inequality and a
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relatively complex method. In this paper, we present a novel and relatively
straightforward method for solving this problem.

Material and Methods

A continuous random variable with distribution function F is IFR if F is a
log-concave function, and a discrete random variable with distribution func-
tion Fj, is IFR if F,, is a log-concave sequence. We say that the distribution
F,, is smaller than G in the convex order, and we denote it by F, <. G, if
G~1F, is a convex sequence.

Results and Discussion

a. If f is a convex and non-decreasing function and a,, is a convex sequence,
then f(a,) is a convex sequence.

b. If F, <, F and F <. G, then F}, <. G.

c. If F,, <. G, then F,’f:m <. GF™ where GF™ denotes the distribution
function of the k-th order statistic Xg.,,.

A discrete random variable X being IFR is equivalent to F,, <. F, where F
denotes the distribution function of the standard exponential distribution.
If the discrete random variable X is IFR, then the k-th order statistic Xg..,
iIsIFR forall 1 <k <m.

Conclusion

One of the critical issues in survival analysis and reliability is the closure
of aging properties under various statistics, including order statistics. The
closure of the IFR property under order statistics is an interesting problem,
with the time gap between its proof for the continuous and discrete cases
spanning over six decades. In this article, we present a different proof from
the one first proposed in 2024, utilizing the definition of convex ordering to
prove several lemmas in this area and define the IFR property of a discrete

random variable based on convex ordering with an exponential random vari-
able.
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