Journal of Statistical Sciences, Autumn and Winter, 2025 dv.r/@f%
Vol. 19, No. 2, pp 303-321

DOLI: 10.61882/jss.19.2.03

) <
Vg TATisTicAL SOC'E

Time Series Forecasting of Density Functions: A Functional
Singular Spectrum Analysis Approach

Haghbin, H.
Department of Statistics, Faculty of Intelligent Systems Engineering and
Data Science, Persian Gulf University, Bushehr, Iran.

Corresponding author: H. Haghbin, haghbin@pgu.ac.ir

Received: 12/10/2024 Revised: 4/6/2025 Accepted and Published Online: 6/6/2025.

Introduction

Functional Data Analysis (FDA) extends classical data analysis to settings
where each observation is a continuous function rather than a finite-dimensional
vector. This framework captures the intrinsic continuity and dependency
within sequential measurements. In time series contexts, Functional Time
Series (FTS) models, such as the Functional Autoregressive (FAR) model
and FPCA-based approaches, are commonly used. However, practical ap-
plications often involve constrained functions such as probability density or
cumulative distribution functions, which challenge the direct application of
standard FDA techniques. To address this, transformation methods map
constrained functions into unconstrained spaces while preserving structure.
Singular Spectrum Analysis (SSA), a nonparametric tool for trend extraction
and forecasting, has been extended to the functional domain as Functional
SSA (FSSA). This paper aims to adapt FSSA for forecasting time series of
density functions by applying suitable transformations and then mapping
the forecasts back to the original functional space.

Material and Methods

The proposed method begins by transforming a sequence of probability
density functions (PDFs) into unconstrained functional data using two ap-
proaches: the exponential transformation and the log-quantile-density (LQD)
transformation. These mappings preserve statistical structure while enabling
functional analysis. The transformed series is then modeled using FSSA, an
extension of SSA to functional data, which decomposes and reconstructs the
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series based on functional principal directions. Two FSSA-based forecasting
strategies, recursive (R-FSSA) and vector (V-FSSA) are employed to predict
future functional observations. Finally, the inverse transformations are ap-
plied to return the predicted functions to the density space.

Results and Discussion

The proposed FSSA-based approach was evaluated using both real satel-
lite imagery data and simulated density functions. In the real-world case,
NDVI (Normalized Difference Vegetation Index) time series data were trans-
formed into density functions and analyzed using both exponential and LQD
transformations. Forecast accuracy was assessed using Kullback-Leibler di-
vergence (KLD), revealing that the LQD transformation consistently out-
performed the exponential one, especially with fewer singular components.
Simulation studies with beta-distributed densities confirmed these findings,
showing that the LQD-based FSSA method achieved higher accuracy and
robustness across various parameter settings. These results demonstrate the
effectiveness of the proposed method in preserving structural properties while
providing accurate forecasts.

Conclusion

This study presents a practical framework for handling complex sequential
structures where traditional techniques are limited by inherent constraints.
By incorporating suitable transformations and leveraging a flexible decom-
position method, the framework provides reliable future pattern estimation
while maintaining interpretability. The outcomes on real and synthetic data
highlight the potential of the approach for advanced monitoring and decision-
making in dynamic systems.

Keywords: Functional time series forecasting, Functional singular spectrum
analysis, Density function estimation, Functional data analysis.
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