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Introduction

In the realm of statistical analysis, the concept of extropy has attracted
considerable interest. However, existing approaches often overlook the dy-
namic nature of real-world phenomena. In the ever-evolving landscape of
information theory and reliability analysis, we introduce a novel criterion-
the dynamic variant of weighted cumulative residual extropy. This unique
criterion extends the familiar cumulative residual extropy and delves into
the dynamic version, offering a fresh perspective that accounts for tempo-
ral variations. By integrating this dynamic viewpoint, we aim to enhance
our understanding of complex systems, explore practical applications, and
make significant theoretical advancements that can guide practical decision-
making. Throughout this paper, we unveil the mathematical foundations,
present empirical evidence, and discuss the implications of this novel dy-
namic extension.

Material and Methods

In this study, we investigate the dynamic behavior of weighted cumulative
residual extropy. Our methodology combines theoretical groundwork with
empirical rigor. First, we establish the mathematical framework for this dy-
namic extension, emphasizing its remarkable adaptability to evolving con-
texts. Next, we employ non-parametric estimators based on empirical meth-
ods, carefully assessing their asymptotic properties. Results of simulation
studies and real data analysis enhance our understanding of the application
of the weighted dynamic cumulative residual extropy.
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Results and Discussion

Our exploration of the dynamic weighted cumulative residual extropy crite-
rion reveals a wealth of practical insights. We establish its connections with
well-known reliability measures, shedding light on its potential applications
in weighted mean residual lifetime, hazard rate functions, and second-order
conditional moments. The characterization properties, such as upper and
lower bounds, inequalities, and stochastic orders, vividly depict its behavior
across diverse scenarios. Moreover, we unveil the impact of linear transforma-
tions on this dynamic extropy, highlighting its robustness. Most importantly,
our real-world application demonstrates how dynamic weighted cumulative
residual extropy can aid in selecting appropriate data distributions, thereby
enhancing its practical relevance.

Conclusion

We’ve bridged theory and practice in exploring dynamic weighted cumulative
residual extropy. Our findings illuminate its connections to established re-
liability criteria, revealing its versatility across diverse contexts and making
it a powerful tool for researchers. The characterization properties, bounds,
and stochastic orders provide a comprehensive understanding. Moreover, our
non-parametric estimator equips researchers with powerful tools.

Keywords: Extropy, Cumulative Residual Extropy, Conditional Moments,
Weighted Mean Residual Lifetime.

Mathematics Subject Classification (2010): 62N05, 62F10.

() OS]
©The Author(s). The Publisher is Iranian Statistical Society.

This is an open access article distributed under the terms and conditions of (CC BY-NC 4.0)


http://creativecommons.org/licenses/by-nc/4.0/

VFot a5 sl ool ke alne

FOF == FYO o ¥ 55l A als
- DOL: 10.61186/jss.18.2.4
"IaNSTATISTICAL 50‘51* 9 .

vu.r/ufﬁ

O 2,18 5 0550 (2026 s8ladls 25 ST (G gy drnss

Tgaama (oo ¢ spedle dmo
0B &3l Ll 55 3
By sy Gl 5 7

ma.hashempour@hormozgan.ac.ir sl e J s 0o 5

\\“’Y’/O/Y Jm‘}&x.\ﬁ Cg)b \f°\~/a/\ 64.1‘)\4 C")b \\f°"/\°/\/\ CaﬁliJJ C")U

Db 5l pames Olsie 4 bsy 0350 (2e28 sledl o nnST Sl lio ol 53 na S
slael ClblB glaylms b (oolgctig Slme LU 5 00 (Jime 0350 (a2 s5ledl (955
1A dallls 550 055 4 (bod LES 5 ks 55wl (@aige ses sailedl SSle Ju S
ol o35l slaect 5 5 g slals el 5 YU slagl S e s lotminin Loly> cmiomed -5,8 o
Sl e a3 aalyx Ll 0T s s 36 5 Uss aige re siledl 5 58]
sl s s 8m aalllan o (il olss 5 Sl s me Jhnn sl (225 oy & 55 bLL
SG b bnsls sl w55 Ll s by 0aise (orezd siledly (9 ST 51 g0, 4l o
gl go &35, o2Bly esls 4s saza

050 oo 28l 5 Sole (b od 5 5baS ((omend sileBl ST 5 8] g sl
62F10 (62E10 :(Ye o) bl shup 330 45

dodls N

S 23550 sl GBI k5 5o 5 S (B me ot o Slan S 0lse 4 2551 pseie (VAFA) 05la
el 3,8 a5 Jlio 5 T pmiige «Soid doz 1 il ke s 3 1y 353 S0 S Sl sl !

(g

ol 5l bl ezl L5
el sat g3 (CC BY-NC 40) Ll 5 Jaalys oo sl s b dlin )


http://creativecommons.org/licenses/by-nc/4.0/

\fﬁ: Oﬁj}“c,"".’”""\s@lf @3}_..5\ ............................................ YA
S5 4 05 ol oT sl f(2) IS L il 5 gy lillan X sl e 428 (55
HOO) =~ [ fa)log f(a)da, ()

s 6 5 F (1) o 35 18 ISl U 1y 058 3T 51 s (s 0l 350 i
(Y°°\°) Q‘)Ka.m 35§b Al .m\}}J)JAJLA:}‘ < m‘;\Ja S wsls db‘ (\) A.E..:‘Jjb UJK? CU le.? Y F(.Z‘)

Sgo 4 1y orand swiledly s 2

CRE(X) = — / " P(a) log F(x)da.

Sz 4 (Yoou) wgems g sl Lo bsy (omand sladly (9 53l g w33, iy 5

F(e), Flz)
7o) " F(r)

DCRE(X;t) = — /too dz. (Y)

bag 035 sl il JB SLSG Sonl daliny 2 g 85 sl 05l (05T S ol 51 s e
Byl 5 JUS ST i e 05l SS9 5T 1301 s 4 (Y0058) s20bs09) 5 55288 (s

Cgo i a1 ol gl el 5 0sipe srazd sailadl e 5T (Y2 1Y)

WCRE(X) = — [OO rF(x)log F(z)dz, (v)

* F(z), F(z)
x F0) log F0) dz. (Y)

WDCRE(X) = — /t

6‘;: (Y°\O) ub&o&})ﬂ L‘»}:@j)b."é\yt}&aw\&‘&“o‘)&bd})w‘ cji:b deJ\ .).;;;ﬂb‘

J(X):—%[oofy(x)dx:—%[ f(F*‘(u))du, (0)

3 ol pealie ol Stz 26 F 7V (u) = inf{F(8) > u} g0 <u <) ol s S ad
2Ol i 4 o b s bl SouSs 4 (ol (1 G0 i 50k sl aile 5 25
b8 5 S s b (B2l it 55 Lo e wslio (g9 ST S o SS baosls w555 5350
lsen as i ol s glad A5l (Vb el o5z o o3 5 sale 5 (518 glaains 5o Al



L o W Sotomn (50 3 55205l o

Dt o8 n o3 ezl sy5m 55 (B2l oite g i g deglio gl 5 S sLast ) e olie
el it L) e s Ciltie ke 53 b S ol 51 lS L 4 (e ST 51 €lnass laiins
psete (YorT) oLGs 5 oLty SYL Gups cinsad SL)stladly (9 2T 050 (YoNA) Loy 58 )

oo 4 by 0930 snledl o9 28]

RJw(X;t)z—;/toox(m)‘dx (*)

58 slgy (Yo¥o) ollas 5 alisler b (cmend sledly 5 1S o seio (opiman <538 6 ,m0
Sy 4 1y 09isn (oo sledl (5281 Jlan (Y1) 0LSen 5 petla 5]

£1°(X) =1 / P () V)

c(Y"\"\c L“"T\") 6“’“3)5@&“90‘:5@ @3;3*5‘6\3’@4-‘3 :Jjajbj._f...:.):tan.hn (5‘J:’ -.\J\MJSC’_@J,U)
4 7St Slnn (8 me 5l Gy 2 S axzle (VFoT) Ol 5 (65815 (YoVY YoXY) spedla 5 gaame
S Ebul sl s ez 55wl GHSLL ol 5! s 5295 Copnkad e slrs JoSo 0l
05 oS by oo b lig sl Jli| 0350 GG 6 5 b STul ol t 5L el ¢ s a3 S 451,
3 0b (So ply axly 4 basaliy 51 g5l Sl jasidn 15,0 4 350 “-“’u‘ﬁw"dL’v\:M ol 8 1
23581 @Blans gl lns sy s 5y ool 51 Sl ISR s 5 Lol al 4 55,558 2 0o
-Qé;)‘ﬁo.ﬂk»:)}o&:ﬁamhdj LS &) bosls Judods 5 320 53 (636 s 5 5 Gaes Sy Ll S
ol s aalllan (YoNV) 5l 5 o dauss aise smer siledl s T lae sl s T
u.an»; LfeJM 09390 6&4?&' o.,\JLA:_;b @5}1..,5‘)\:# ‘5fo Send 4“&5% U:" 4alsl Bun L Jlis L.):"))
o & g iy ad aalgs (B me bs 05550 (omend s ledl 5 S Slons dlis o5 230 05 3 S
39 a5 ol g il 3L ol s sloms b a5 5a0lS 5 Lasslnl
Coloas 6] (il ol 5 5l LG sl ST oty G 53 astion andlls (g3l Slas bl

-b.}ﬁgﬂ xR ‘5’45‘3 6\.&0.}\5 J:.L:J): b”ﬁ Qj)}ds’.a:u"a.\;\.a:jb &j}—uj‘)l.:&ﬂ)‘ 6:,:\5‘\.@:3‘).}3

b 09390 o225 0bilaudly (9 snsST Y

5m sbaylaSl jas s o) LLoyl 5 Ly (nise (omend sledl g ST s 5 (Srme 4 (i3 ol

Jj":'g" 42}‘.5):3 GLJ":' r}.)} J}‘



\:’x Qj)}ac’_q..g:u"a,u@l; @3}_..5\ ............................................ ffo
Byl S D550 s D3350 (e2S siladly

SJw(X;t):—;/toox(I;((f)))ydaz, (A)

t S sl [X —t | X >t] ol e gl 9530 oo sileadl ST ol (A) Ll

JS3 sy F(2) iy g5 s ey 5 (il B3\ oiia So XSV ) 0,158
EJV(X;t) = by(H)ETV(X) + by(t),

br(t) =3 [L o[58 dw 5 0y () = [FY(1)] 7 3 s 8

wh(A)s(Meesl by

\

EIU(X;t) = _M[[“xﬁ‘*(x)dx—/ 2" (z)da]
\ F(z) Y
o)) @

- SJw(X)+:/t3:[
)

F(t)
= () ETY(X) + b().
sy ol e EJU(X;1) 8 ity B(XP) < 00p > ¥ o\ a B\ L) 4
r.:)‘b cFY(Jf) S F(JZ) 4503\ 9 d)s)l.n 63\-».0\.; )‘ saleu! Lu .OLEJ:'

e}
.’L‘

/
/ xF dx+/ooxF(m)dx
/
A
Y

/ rF'(z)dr <
t

IN

s p
xdx + / E(X )dx

xP

B [ " pran, )

¢F7v(t) 0 (4) daly b b O b js aibip > y 3l Gy sl aloa (9) akaly s JI&s!



L2 Sotomn (50 3 55205l o

T VT RNCTI TR Ve SR VN VT Y-Sy B AT Vi P S R s R B TN &

. U . EXp
syhe Mo\ EJV(X ) > _F'\(t) (% + 157r))

DG VR N NS WIS TRUINE V- W B Y NS G WS S S P
SRR SRS

(W) s 4 5 b o Fa) =V — e, o> s bbb b w5 S 2l ol
shewl osle Ly LB Lsr 09530 (025 sl g 28]

\

EJY(Xt) = —%/ ze” M gy = o (Vo)

t
LJ& QLJ‘ cu‘é‘)b Sl C.}.}bﬁ ulﬁ))\ J.aﬁu.wé‘) C")}:)J Ljﬁ u}J)AGMaS b.\aL«:}L’ 63};...“5\ 4'7;:33)3
(0l T Zond (A) ol 5l (658Gt b 35in S 0o (S

_l(—tF*(t)F'Y(t) +YOF) [ xﬁ'*(x)dac>
\ FY(t

d w
ZETT(X31)

t
= 3 +Yrp(t)EJV(X;1).

ol ETV(X5E) = < _it) 3 el o ol e 03z ETV(Xt) = —C a8 (o
TR
t . . e t
&by ks pb Sarp(t) = O &S Ole CF = YO (285 ks s b rp(t) = 78l

RV wal By 5 Fix o\iy 5\ o5 & a5 Gy (ol it Vg X oS (53 Y 4l
b\gjcﬁ\{d6R30>°5Y:CX+d

t—d t—d
EJU(Y;t) = €TV (X; T) +dc EJ(X; T), t>d.



Fy (t) )
I
LR e

— SETV(X; t%d) +de £J(X; #).

ETUYit) = CET(X) + cd EJ(X) oo Yo t =d Q& Y

Ix(t) =Yux(t)+t' = E[X"| X >1t]. )

. w F(z) ~
o) Os3sn es s0leBl oS\ px (1) = ) xF((t))dx O 33 S

ar(t) = [T of8de y ay(t) = XF)] ) & » S oy (DE(XT) — ax(t)

bsbasl ¥

St Gl £ B Gaise ses skl 5 S0be ey (A) 23S sl Sl Lol S (i ol
25hsn Sl e 430 53628 5 aens sl
Bl (5 5S) iy ) S WSS sy F(2) Wiy 0\ (il g gy (PO e XS\ LY 0,158

N o) Sl ayge s sS85 g a3 ez

EJV(X;t) > —%ux(t). (\Y)



VR Y YR
), )z R

34 M\y)\}]s (\V) @‘)Jédju LJJ: ‘.x.:l.,x :téé)}.a)b 5}\:'6" JAKQL;\}

25 3\l 95\ i\ F(7) 9 U\ gy 5 Gl (Bl e X aiS (o5 ¥ s
Sy B e ((2aS) a3\ \s 09350

E1°(X:1) > (<) - [~ (S logix () 417 ik (n)].

S Lo St 1 (8) 52 F () G 5 ey 5 i o\ s S X 8 23 ¥ o)l
Sy S el (2

(')

R RO A 75 () B PR S S PR W S

Qj)y@;&b&\.&é\g @3}~S\3F((E> c-\:('t{ c\:\‘ks“““\’j&“ﬁ@‘\'\'éw)(%‘suoﬁ .0 bjljf

s S(@, 1) = = [T uldu 6y S50 o 35 22\ e Sy

ETU(X;t) = LB[S(X.0)|X = 1], (V)
5ien JoS DU (A) daly 5 o sd 4B Sl okl b il

A 2y F(2) iy o\ ol 5 gy Wlan 3ol e X 5) .0 408

E[9x(t)| X > t] > ¥€J"(X;t) + Ix(t). (Vo)

b 5l el b .cwl log



Uy 15350 (s2az sledl s 5ieS] e FYF

feols (V) datly 5 (o sd

E[x(t)| X >t] = r/t / Z) (é)du]d$+l9x(t)
= \*/ / F(m f(z)dz]du+ Ix(t)
[T P,
= 1 [ g s g e 050

> —v/t u[_(())]d +Ix(t)
= fEJU(X;t) + Ox(t).

NIRCANECA N - PR NSN3
E(Wx(X)) > f£J"(X) + B(X").

N ) Sole Lo Bs3n (grezd siledly

ETU(X;t) > ~0x(B) ] (%)

F(z)
F(t)

Y [ F(x).y \ [ F(x)
S E e

i olge ) iy 3l eslizal b b b

N A G A
EJV(Xit) > — doe— =+ =,
(K51 2 r/t Foy™ ¥ Ty

el s ol bt sl 0 = S ETU(XH) 2 — 0 (0) = 1] b (1) sl & 5 b s




\cfo ...................................................... ‘5,\_0“643)53)3(,.@“,\:;“

S5 5 ) (B0 ) S Mo 53 grard sSaBl (5] F

E1°(X:1) 2 (2) — (), (W)

Clp Olgee Sk Fp pl s Gb o5 T e (A) dab Sl SEie L pley
_ = _ 08TV (Xt . 0TV (Xt t

T a2l o ) (59) sy DETOY, g OETUTD e
i b e £ (X3 1)) 1 i S S 53 snlss (53500) s £77(X 1)

"}‘i’u‘"J‘JE.J'.' (“ﬂ) 4.19;\) BE szl.w: LJ_Z,

el Sohe 6\ W S NSty Fix () oy g\ sy 5 il ol st X 8V .\ S
< px (1) < [F(0)] T E(XT) S50 4 03350

(520) 23 ETU(X;1) NS5 s F(2) g5 g0 \s gy llae 3l pia X 8V .V 158
A e e (SS) V@) e (f) BY o

A& i\ T (t) jas £ R8N X gy s el Bola e S) LY S

re(t) = 0% () [9x(t) — ] (\A)
VSl s EJV(Xt) = _YLA(H %A) S sl A7 ke b e s s XSV Y Jte

s 0333 228 s3ladly 958\ el sad abie Ay £ g\ el & s EJY (X T) 26 )3,

) S35t A fal g o Sl 5 (o> 5 (BB 8 E el 4 S (SO S

L oas F(z) = (§)° c <o <b, c> 0 Sygpon S5 i N X dola e aS (23 Y L
thr\‘ _bc+Y

(Yc+ v)te
6:,..»\5,:.: t}»\)\iuﬁm@\jﬁ 6)53 Jh\iﬁggjyss’.a?&a&\aé\{ @3;""“’5\ '33:‘\5“ NN u‘l...l\.hs Cy bt

S0 5 & s ET(X38) 8 50, ¥ (S s ETU(X 1) = s (4) s a5

_ _ ﬁ o
FX(Jj)_(;) ) xZﬁ /8>°7 Q> o,

t\’
S o e S o > \ cng(X7t) = —m QJ}“U‘.}.\ 3 .)Ja\.:

3 9 S 6&:\.&& 3‘3)\e C"”ﬁ G'p\f~)'>‘f~'k\ L.&.:Z\\.g o << \AS@\g\A 9 hmaﬁ\(‘:Jw(X,t) = —0



EIVCG D

o
N
|
X <
z |
:
W
9?4 — r=05
-- =1
o | A=2
T T T T T T
0 2 4 6 8§ 10
t
(alh)

oSSba b 2l 38 1 (9) A bl s (1) £ bl & Cond by Gsge (smozd aaileBly (9281513, ) S8

IV

-10 -8

£3V(X; 1)

)\7\

o
2
o X o
§1 &
w

g | = — b=11c=1
! : -- b=15c=1
o | ° b=2,c=1
5 A <4
e T T T ! T T T T T

1 3 4 5 02 04 06 08 10

b t

w5 sl (7)) € 2bh 5 (2) b bl (W) £ bl & s by 0a35e (ore2d siledly (281 LS, LY S

Y Jbe 55 ol

ng(X,t) c\] )u)\"d&i‘)> W) 82D d)!:s S\ Ui\ )5\;“35: O))}ﬁ&ﬁ?ah-b\b:}\) ‘53‘3}...\5\0%3;
N 4 S 94 2935 93 s 039 (52025 3B (9 SV e sils sy g g\ ) 4

el 2S5 RN S 5 AR

135 5\t 5 s X b 5 Gy Sl e S -F Sl

Fl)=VY—(—2)% e <z <), a>\,



o o
- i
T, g |
o [
Z o~ [
3 ! 3
m b
W w %
T — t=08
- - =1 —
T - $ -
T T T T b T T T T T
2 3 4 5 0 2 4 6 8 10
a t
(<) (alh)

VIl s 35k w55 e () @ bl o () el & Sl Ly 0350 (s2ezS siledly (9 28T 18, 1 S8

Lo 2 s 9 Glasy Da3se (2028 3Bl (09 7S\ NP

(t=V)((Ya+\)t+))
fa+V)(Ya+))

EJV(X;t) =

)

09350 (225 2Bl 9 7S\ il sak @ t e\ e\ & s EJV(X58) @\3 BICER SN
LM V58 e @ 2l 4 Lond 5 (BN 0 a4 Lt By 35 3 sy

o o
8 - 8 -
o o
N N
o o
2 ¢ 2 9]
£ X
3 S
S ¢
V] W O
o o
! b | — a=2
7 1-- a=3
8 | 8 | a=5
? T T T T T T ?h T T T T T
1 2 3 4 5 6 7 00 02 04 06 0.8 1.0
a t
(<) ()

¥l o by 8 sle (2) @bl 5 () bl 4 Cnd by 05390 (o028 saileBly (9 281503, L F IS



\fﬁo);r@@'pk@bwﬁ}‘j\ ............................................ YA
Hla gl s f

e s 5 Sl @3 5518 Gl 5l (g5l 4255 3550 (B3las a5 5,8 ey el gladle s
I8 el 5550 o e oo 5 aae bl el Judos oleel CobB 4k dlex 51 L 5 5Ll sladins
S Al o8l (SuSly 5 5 sl paxla b (Il b ol aglio S (sl d s ol B S
5 1S o1 4 sl s ol 558 (sloraip 5 aslisd cpalyr sl sl (53l sla s 51
5 Foern (3l SaS sde €3l by o350 (2e2 siledl oSt el sl sl
5 X B i o iy Sygo iy S Wi (ol SlaS S o ege dlo Sl Sk 25 sl 55
ST sl Fy (4) 5 Fx () o5 & mis gls b ool slagin YV
2l Px(2) € Fy(2) 81l X S Y Jyons Ghols 555 -l
s 5 b () = F Sx() 2 ry (@) Sl X SV g5 ol 55 5 -
Ll X ol e

(VaV8) oSl 5 Jlasle @ oo Sese b Lol Blil 5 ol slaceis sl Sy aslllas sl
o oledl :Sle b ol slocss e Lol sl 5 s S ann e (Yoo) LSSl 5 Si
5din s bse 0330 (ome2d s LBl 5 ST 5 05 4 e 5slES (9590

o px (1) < gy (B) 8 > 0 ) a8l iy X <Y R\ LY 4l
hr

‘\"’J\b OY) el v o5 b ol y

_ * F(l‘) _ > —ff"rx(u)du
MX(t)—/t :CF(t)dx—/t ze i dx. (V)

S g Sl Ty (u) < rx(u) X h§ Y gl s 5 halad 55 o 5 aslial b o 3,0 5

VLI CORSVITVY JES ftx ry (u)du < ftx rx(u)du

e~ SOy (wdu > o= [7 rx (wdu (Ye)

e JelS D3 (14) sl 3l sslizal U

L Ox (1) <Dy (t) b >0 o ) 8T e X <V S\vabaarsly Fg b
hr

dax 755 Fy(y) s Fx (@) e s\ oy s G2l 3\ go i Vg X 38 (53 A aud
ETV(X;t) < ETU(Y58) 08 oty i\ g e 7x (£) 5 Y < X 8\ s\ ry () 5 mx (2)
hr



4 £ Sotomn (50 3 55205l o

b (V) s () Bl eesl ok,

—

ETV(X;t) = —

[ el s

t

—

e sdin Ty () < 7y (u) S 68 s plsis ol Y < X S Sl 5l

(N \ Y y [ \ Y
_ RN < —— — = .
v/t 2 e o < r/t e

Fity=(—1t)" -<t<\a>-,

Db € S gy LB\ (G s S 53 235 @2 5 Jitiews a9 1 as Jsb simaplas \n X 5 a2\
A c\:\Z:min{X\,u- ,Xm}?:....:....ﬁ;

Fty=(-t)"", -<t<ia>-,

9302 3 s G o> £ 5 16 T (£) 5 \meidie b 2 5 S () S 080 s

(t) ma > a
T =
m V—t Ty —t

= T‘F(t),

pobs (A) daly & by 2 £ Qo3 B TR (H)

(t =) ((Yam + V)t + 1)
f(am +\)(Yam + 1)

EJY(Z;t) =

ETU(X51) < ETV(Zi) s A aed 3 5 % New 3 EJU(X51) o il

B TR Vs ailse M jos (ol satmasp\is X4 = ), oo ,m ool S5 08 25 8 JLa
o O 2L F(E) = €M, 2 00 A > o, e il gl s S S g e S
S ey 2 F(t) = e > 0 X2 0 i g5 s Y = min{ X, X} e

Nand ab o ) W ss EJV(XGH) Maie o\ o EJU(Y3H) = — t+ ¥) S

Y (
fmA YmA\



kxoﬁ;r@@'pk@b@j},ﬁ\ ............................................ f&o

2yt S O 5 ETV(XT) S ETV(YT) s s>

Skl a5l 0

Sy 4 s3lenin slan 5 S0l sl F(0) w5l (slad 05s8 G Xy, X a8 (58

é/l\fw(X;t) = —l/ =
t

. ]Ydm, (vY)

~

&b 590 G b el s et 5ol F(z) 5 &b sle F(x) =\ = F(z) of 33 S«
SV ossiion Jools bgy 3550 s2a25 s05leddly 9208 525 Sl (Y1) sl 53 225 by XL
b ol i o o sl sl eopt 8 s 5o X(y) < o0 < Xy Sy 4 003 G 508
Xjy S0 S Xy oo 0 15 Sp ladsws gl g sl Fu(2) = %Z?:&}I(Xi < x)

o 6 €T (X3 1) i

E?]:(X;t) = —%/t x(\\_FFZLL((:E)))de

n) X (i — Fo(x) v
:_12/ x(i\ ( )) dx

vk, =R

n—,\ .
7712 (T

el U(i) = (X]

(i+Y) _ng))’l:jv 7n_\QT).> 45‘;).:,6,,(),,5

B n = 00 B\ il B(XP) <00 > ¥ o)) a0 X 5wl b\l uitn 6y oS (5 -4 diad
ET, (X51) ©5 Sus Sl 2 \ S EJY(Xi1) & (0.5) pobs & ssb & £, (X31)
ETP(X;t)

25 Ol (1) kel Ll 0l

_Yaf:(X;t) = /toox(\\ iiz(é)))rdx

= m [/w 2(\ = Fu(z)) do — [m(\ — Fn(x))*dx]



\ca\ ...................................................... ‘5,\_0“643)53)3(,.3“,\:;“

oS s olgise [0, ] (2l 3l 5s SISl "I ol Ken 428 5 ' S-Syl ess v o5 b
s

[J:(\—Fn(a:))rdx%[ a:(\—F(x))Yda:, n — oo. (vY)

cw‘_,: UXL; N — 00 ciZ?:\Xi % E(X\) r.:’)\b A_f)]: )‘.Lc‘é_,é uylsu L..s L@JL)‘

n

n \ n
x(\_Fn(l‘))Y:%ZI(xi>I) =< > X7 = z;l—w
i=) =)

nrP—)

iy olgse A ol Sen 40 5l aslinal b s s ol =sup, {2 31 XP} < ool s &S

o0

[OO:E(\ - F,L(x))rda: i e z(\ — F(a:))rdx, n — oo. (v¥)

.5}.3(_90 JA[SQL;‘ (Y‘f) E) (Y\ﬂ) L—!\j) )‘ abL&.:...:‘ Lv gu:o‘j\..i

i Fz) =V — e > e M s ) @ila gess Xy X aiS o Y Jle
X(“i—l—\) *X("l), Z:\S\Jawt’a}ajaj % kﬁg“\f‘\'lgi‘.&“" t“')ﬁ: 6\)\5 Y =X b&b\..alx::m ‘QJ}“’C}:‘.\
Size a (N 255 @\ (Y1) oy 5 g 3se sxazd s8\adly (g0 58) 55500 3\

n—\ .
—Sw \ n—1
B, (X50) = -3 2
i=j

n—\ .
~w \ (n—1)"
Var(E1, (1) = 355 2 (n—j+\)"

=7

S 138 6V s 093 2ez s 0laBly (5 7nS) i (Vo) day 4 2B\ (b 3 s Yol
c LT . ) .
N> Sl e 8ke 3 (AB) Tl @Manyad 50 0 IS 55 o Sy L s ol 3 JEes
e S 4y (1) 58 Sz Win 53 g Baise oz sladly (35S 5500 g\n (MSE)
S\ 5 o) BMaayud 5550 5 sl 45 X T APV R UV YLD S e S

!Glivenko-Cantelli Theorem
*Dominated Convergence Theorem
3 Absolute Bias

“Mean Squared Error




\fﬁo);r@@'pk@bwﬁ}‘j\ ............................................ oY

S\ 5 o) Banysd 535 e s A Sl e GOl e e S s D

n n
o 4 o 4
3 — r=02 3 — 2202
- - A=03 - - =03
g | Y g | S 2208
(=] o
o [w]
8 | g |
w o o
0 1]
N < o
o 4 o 4
3 3
- —
o 4 o 4
3 3
o o
g 8 |
© T T T T T © T T T T T
00 200 300 400 500 00 200 300 400 500
n n
(<) (<t

5 bz 0335 s2e25 sledly (9 28 535 (6l (©0) Was Slay e Sile 5 () (ol 3llanyad 530 0 JS2
kb g5

Doyt 3l (GBS 238,85 asi 3 S () (Lol n ) Jlod as By 4 B o Glaess A JLee
AN N oV o N e N e co/he /Ao /Yo /Yo /Y ofsofs o/ co/O /B[O o/¥ o)X
RTATS 72 X5 7438 AT WAt /A S RIS VAT AR FUNNS §A S8 DA RSN VISR VA R VSR VI R VA o
(%2098) 0\Sun 5 o VG g S i) YE/0.YY /o Ve /Y40 AJAY/O Y/ o B/F0/F 0/
5 (BIO) g5 SN\ o 5 (AIC) "SSSN SV Jlmn ¢ iz s 208 pislia -shoats 35
S gl o by e Sl ey (K — 5) "5 w35 508 5318 (258 3030 B e
el )l SN Jaae W 5 =& (s (ol G w03 \eedds a8 o Pl
38N> sy WA oY Gldie 5 0F0A S gzl 535\ b Qe p B ig S ams e Bl a0
Gl @y ET (X51) o\in o Noges 5 -5)s Qb smasd ol (\mosks s \y B ey s cgd\aiions
O 5 i sa ey € ki sl 613 4 WS 5 Pl m S (s (ol s | el b (3
s gepis Al S ep-S s s ET"(X31) Joho i 4ol S 58 naa\tn ) 5n o
b8 ks sl e Wl 1 0 e Ol 415 Q5B g s 3 s S b B S

'T0g-Likelihood

2 Akaike Information Criterion
3Bayesian Information Criterion
*Kolmogorov—Smirnov



\ca\ﬂ ...................................................... ‘5,\_0“643)53)3(,.@“,\:;“

Oy 4;\:3;_;)333» G’A}S a.))\.«s,;\;‘ @5}..5\ U"'\"’\J’ @)5} e u\;&;\ 6\;.: UD\J.: gs\lgui\f 05\3&

B 558\ i EJT(X58) O 33 S 3530 SNk anpe = sup, [E7,, (X38) —EJ2(X; 1)
0G5 P B R G\ e 2SS S (D Jaae 38 il g Da3e (s
) 0 U;J\Jg \ dj.\? 33 W& k) d\.nf—& adﬁ\j c@u 6\.&:@)3: 6\;} nr UA;\.& J.n‘.s\ln -3)\5 \&es\s
Ui\ A=l 5> g VA \3:@)53 Ji\.n _)\ _;AS (°/\Y\c) J\AJA—&Q c“)jl 6\).3 u"\:‘ U‘.’.\ )\.\Iu S bjf.ss» saalia

Syier Jaiz

(els o) Jld sass Olos slansls gl bomss 251 s ) s
e Jesllie K-S  BIC  AIC Gl o) SE
o /XYY o /14 o[\ YAY/AEY  Y\Y/eNY —Yod/oof sl
o /N8 o /O\Y o/\Ye  YAS/DAY  Y\Y/4¥Q A TAR Jeols
o /\Y¥ o/No§ of/eq0  YoV/F4o  Yo¥/ovY —eo/oyg Ji-X
o /YTY o /YAD S/VFO YAV/0NA YAY/ASY —\of/ary L&

o | E——
o
B
S 9
X
g -
2 o — e
= o
H Jul g
= Ja 8l
w0 LE
< -

(el ) Jd ass ol (sansls sln Ly 0590 (o025 s8ladly (22T 550 o S

—d};}JSL}Zl}‘Uw;cobébéj_;tw‘é‘&leMwL»‘fLM)‘JWLACJ}SULXQJ‘cles)}L‘b

Waosls wL.a @J)S g_)l:{..’\ 9 b assls df“%,;r:-’.‘:' 9 4_5""5‘):1 595 LbJL:M u:v\ \Jﬁj 4.,\.'5‘50 43‘)‘ df):.o—d‘
3,106 555 laesls &P D b as &= tllb\ byl 31 skl 5o (puizen -J.SJ;G» B s
e 55 S5 (sl 51 S 31 S B ke s S 31 ghs oS i s 5l5ge mE s 5



G5 4 Do o Sl it s slansls Jebos o Lasloma il 51 salizal g WBI slaylme bl Lansls
S (S sl 35505 (65 w555 b bl w555 el 5y 8 a2y S 55b 40 b B sl -5 S5alS
g JS 5 gt Comlur Sl S biosls cslin 5 Sl s ¢ WbT gl bs 51 salial sl
¢ 28) Sl Selan baes 4 o 155 s Je s S G5 aml =By SpalS 155 & s baes o

12 S walsn 518 aalllan 5 g 390 sl DS s Dle el Bl €l (Yo

G SAmis 5 Sy

Jsb oxSiba o 35 b L ol b)) 5 (hrme Ly 0isisn ooz sailedly 58T Slan cdllin ol 55
S Je Ly 555 6l s 09350 (2028 s0ledly (9 et o003 S (s 2 095 430 5528 5 0iledly ae
3 bgslanl (uly s YL bl S .0l &) &5 orb sl sai 8yme slms ululy (g3ludasin 505 ol
Soasly K s bl ol hs has 36 5 sy 05590 srand ssblegdly (g9 S ol Ghslas a3 5
3162l bl s s S aalllas o il (ol 5 61 Ligs 355 (52025 283l 9,281 (1 (228
BB Lol s S Sl a8ly ol do e S Lo bansls o 55 Sl s 0id (Byme slre
ol wlsl 53 g Gdae Jae o el Ol gl BIC 3 AIC (ol s r:i)lil sbylas 31 o>
ol 9 YU 51 (Bl ke o Sh50 5 1) 5390 (05T sl sl 5 €838 laass Gl (aa
09330 52025 2Bl g S L (g los s S amn 5 e wsls LB alllan 5 (s 3550 ABbnd o
ol 3 tn (Slagan 5l Pty bt 3 O Sleogas (s 5 Oliob) Sl 45 s Ly,

235k s e cpl sl Blge 4 Ol 1y

S&“jjm

s 20l i 43\)\3‘56:5&“ 3 g a@swfw)u‘x‘gjgbﬂb D Q‘:M)|ul§w“y
il |y Slayus s Sas JLS

&

s gt Lng C“Jﬁ:)‘ L?Jf L;)L“‘ gl>ba 3 @“,J:,.S\ Jﬁ)gc(\fﬂ“) S c(_g.\.v‘ 9 & chJ.:fSc-r 4(5}45‘
A AY (M e e do



Asadi, M. and Zohrevand, Y. (2007), On the Dynamic Cumulative Residual Entropy,
Journal of Statistical Planning and Inference, 137, 1931-1941.

Balakrishnan, N., Buono, F. and Longobardi, M. (2022), On Weighted Extropies,
Communications in Statistics-Theory and Methods, 51, 6250-6267.

Balakrishnan, N., Leiva, V., Sanhueza, A. and Cabrera, E. (2009), Mixture Inverse
Gaussian Distributions and Its Transformations, Moments and Aapplications,

Statistics, 43, 91-104.

Belis, M. and Guiasu, S. (1968), A Quantitative-Qualitative Measure of Information
in Cybernetic Systems, IEEE Transactions on Information Theory, 14, 593-594.

Cover, T. M. and Thomas J. A. (2006), Elements of Information Theory, 2nd ed
Hoboken NJ Wiley.

Di Crescenzo, A. and Longobardi, M. (2006), On Weighted Residual and Past En-
tropies, Scientiae Mathematicae Japonicae, 64, 255-266.

Guiasu, S. (1986), Grouping Data by Using the Weighted Entropy, Journal of Sta-
tistical Planning and Inference, 15, 63-69.

Jahanshahi, S. M. A., Zarei, H. and Khammar, A. H. (2020), On Cumulative Resid-
ual Extropy, Probability in the Engineering and Informational Sciences, 34, 605-
625.

Hashempour, M., Kazemi, M. R. and Tahmasebi, S. (2022), On Weighted Cumula-
tive Residual Extropy: Characterization, Estimation and Testing, Statistics, 56,

681-698.

Hashempour, M. and Mohammadi, M. (2022), On Dynamic Cumulative Past In-
accuracy Measure Based on Extropy, Communications in Statistics-Theory and

Methods, 53, 1294-1311.

Hashempour, M. and Mohammadi, M. (2024), A New Measure of Inaccuracy for
Record Statistics Based on Extropy, Probability in the Engineering and Informa-
tional Sciences, 38, 207-225.



Kamari, O. and Buono, F. (2021), On Extropy of Past Lifetime Distribution,
Ricerche di Matematica, 70, 505-515.

Kayal, S. and Moharana, R. (2017), On Weighted Cumulative Residual Entropy,
Journal of Statistics and Management Systems, 20, 153-173.

Lad, F., Sanfilippo, G. and Agro, G. (2015), Extropy: Complementary Dual of
eEntropy, Statistical Science, 30, 40-58.

Lopes, R. H. (2011), Kolmogorov-Smirnov Test, International Encyclopedia of Sta-
tistical Science, 1, 718-720.

Marshall, A. W. and Olkin, 1. (1979), Inequalities: Theory of Memorization and Its
Applications, Academic Press, New York.

Mirali, M., and Baratpour, S. (2017), Dynamic Version of Weighted Cumulative
Residual Entropy, Communications in Statistics-Theory and Methods, 46, 11047-
11059.

Mohammadi, M. and Hashempour, M. (2022), On Interval Weighted Cumulative
Residual and Past Extropies, Statistics, 56, 1029-1047.

Mohammadi, M. and Hashempour, M. (2023), Extropy Based Inaccuracy Measure
in Order Statistics, Statistics, 57, 1490-1510.

Qiu, G. and Jia, K. (2018), The Residual Extropy of Order Statistics, Statistics and
Probability Letters, 133, 15-22.

Rao, M., Chen, Y., Vemuri, B. C. and Wang, F. (2004), Cumulative Residual En-
tropy: a New measure of Information, IEEFE Transactions on Information The-

ory, 50, 1220-1228.
Shaked, M. and Shanthikumar, J. G. (2007), Stochastic Orders, Springer New York.

Shannon, C. E. (1948), A mathematical Theory of Communication, The Bell Ssys-
tem Technical Journal, 27, 379-432.



